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Abstract

A general approach to family-based examinations of
association between marker alleles and traits is pro-
posed. The approach is based on computing p values by
comparing test statistics for association to their condi-
tional distributions given the minimal sufficient statistic
under the null hypothesis for the genetic model, sam-
pling plan and population admixture. The approach can
be applied with any test statistic, so any kind of pheno-
type and multi-allelic markers may be examined, and
covariates may be included in analyses. By virtue of the
conditioning, the approach results in correct type | error
probabilities regardless of population admixture, the
true genetic model and the sampling strategy. An algo-
rithm for computing the conditional distributions is de-
scribed, and the results of the algorithm for configura-
tions of nuclear families are presented. The algorithm is
applicable with all pedigree structures and all patterns of

missing marker allele information.
Copyright© 2000 S. Karger AG, Basel

Introduction

With random mating in a closed population, associa-
tion between unlinked loci is halved every generation.
Association for linked loci, on the other hand, dissipates
more slowly. This phenomenon is the basis for using asso-
ciation between marker alleles and traits to detect linkage.
With nonrandom mating, migration or admixture of sub-
populations, however, even when the marker is unlinked
to any trait locus, association between marker alleles and
alleles at trait loci is possible. The strategy of using asso-
ciation between marker alleles and traits can therefore
result in spurious evidence of linkage.

A variety of methods have been developed for using
family data to avoid spurious evidence of linkage when
examining association between genotypes and traits. In
most cases, these methods are valid not only regardless of
population admixture, but also regardless of the genetic
model and sampling plan. See, for example, Falk and
Rubinstein [1987], Spielman et al. [1993] or Terwilliger
and Ott [1992].

Generally, although these methods may be motivated
by concepts such as ‘using the other parental allele as a
control’ or as applications of well-known nonparametric
procedures such as McNemar’s test, they may be viewed
as implicitly involving conditioning on parental marker
alleles and on traits, and examining whether traits are pre-

© 2000 S. Karger AG, Basel

KARGER

Fax+416130612 34
E-Mail karger@karger.ch
www.karger.com

Accessible online at:
www.karger.com/journals/hhe

Daniel Rabinowitz

Department of Statistics, Mathematics Building, Mail Code 4403

Columbia University, Broadway and 120th St.

New York, NY 10027 (USA)

Tel. +1 212 854 3400, Fax +1 232 663 2454, E-Mail dan@stat.columbia.edu



dictive of patterns of transmission of parental alleles to
offspring. The conditioning approach is not immediately
applicable, however, when parental marker data are not
available. Curtis and Sham [1995] note that there are sub-
tle difficulties involved with the strategy of inferring par-
ental marker data from offspring data and then proceed-
ing as if the parental data had been observed. Spielman
and Ewens [1998] and Boehnke and Langefeld [1998]
present approaches that may be used in nuclear families
when parental marker information is not available, but
the approaches are applicable only in the context of dis-
cordant sibships and dichotomous traits. Schaid and Li
[1997] present a likelihood-based approach for the case of
missing parental marker data, but their approach involves
estimation of marker allele frequencies and thus can be
subject to bias when assumptions underlying the estima-
tion procedure (such as the existence of a homogeneous
marker frequency) are violated. Here is presented a gener-
al approach to adjusting for population admixture. The
approach is valid regardless of the genetic model and sam-
pling plan, allows incorporation of covariates, and may be
used with arbitrary phenotypes, arbitrary pedigree struc-
ture and arbitrary patterns of missing marker allele infor-
mation.

The approach presented here is based on the funda-
mental statistical method of conditioning on sufficient
statistics for the null hypothesis. Sufficient statistics for a
set of models are defined by the property that the condi-
tional distribution given the statistics are the same for all
models in the set. Thus, if one computes p values condi-
tionally given the sufficient statistics for the models in the
null hypothesis, then, for all models in the null hypothesis,
the computations are the same. That is, the p values result
in rejecting the null hypothesis with the correct type I
error rate regardless of which model in the null hypothesis
1s true.

The proposal here is to apply directly this fundamental
statistical method. Given a test statistic that is sensitive to
association between traits and marker alleles, the ap-
proach is to compute p values by comparing the test statis-
tic to its conditional distribution given the minimal suffi-
cient statistic under the null hypothesis for population
admixture, the sampling plan and the genetic model. No
restrictions are placed on the form of the test statistics so
they may be chosen to reflect information about mode of
inheritance, they may be applied with any kind of pheno-
type and they may be designed to incorporate covariate
information. Through conditioning on a sufficient statis-
tic, the approach is valid, in the sense of resulting in cor-
rect type I error rates regardless of patterns of population
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admixture, the sampling plan, and the genetic model, See,
for example, Cox and Hinkley [1974]. Because condition-
ing on the minimal sufficient statistics is generally appli-
cable, the approach may be applied to arbitrary pedigree
structures and arbitrary patterns of missing marker allele
information.

Similar proposals have appeared previously. Kaplan et
al. [1997], Cleves et al. [1997] and Lazzeroni and Lange
[1998] suggest approaches to computing p values that
involve conditioning on traits and parental marker alleles.
Rabinowitz [1997] applies the conditioning approach to
quantitative traits in the context of nuclear families. All of
these, however, have been limited to settings where paren-
tal marker data are available. Spielman and Ewens’
[1998], Knapp’s [1999], and Boehnke and Langefeld’s
[1998] approaches using discordant siblings without par-
ental data may be thought of as special cases of the
approach advocated here, although their conditioning
strategies are not uniformly equivalent to conditioning on
the minimal sufficient statistic.

The key issue in using the approach is the computation
of the conditional distribution of the data given the mini-
mal sufficient statistics for the null hypothesis. In nuclear
families with a single offspring and when parental marker
data are available, the traits and parental marker alleles
constitute the minimal sufficient statistic, and the condi-
tional distribution of the child’s marker alleles corre-
sponds to the usual Mendelian transmission probabilities
of the parental marker alleles. This corresponds to an
absence of assumptions about the joint distribution of
parental markers and traits in pedigree members; any
joint distribution could be realized through some combi-
nation of population admixture, genetic model and ascer-
tainment scheme. However, under the null hypotheses,
regardless of patterns of population admixture, of the
genetic model, or the ascertainment scheme, conditional-
ly given the parental markers and the traits, each parent is
equally likely to transmit either of her/his markers, and
parental transmissions are independent. In general pedi-
grees, and especially in settings where not all pedigree
members’ markers are typed, the conditional distribution
given the minimal sufficient statistic is not always imme-
diately obvious. The traits are fixed as in the case of
nuclear families with a single offspring, but the condition-
al distribution of the typed marker alleles is in some cases
quite different from the usual Mendelian transmission
probabilities.

The remainder of this paper focuses on the minimal
sufficient statistic and the conditional distribution of the
observed data given the minimal sufficient statistic. The
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main result is an algorithm for computing the conditional
distributions of the typed marker alleles, given the mini-
mal sufficient statistic, that may be applied with arbitrary
pedigree structures and arbitrary patterns of missing
marker allele information. The descriptions of the condi-
tional distributions that result when the algorithm is
applied to nuclear families are also presented. The deriva-
tion of the conditional distribution relies on a fairly tech-
nical characterization of the minimal sufficient statistic.
The proof of the validity of the characterization is rele-
gated to an appendix.

In practice, the algorithm is applied separately to each
distinct pedigree in a data set. Different strategies may be
taken when the results of the algorithm are used to com-
pute p values. The descriptions of the conditional distri-
butions may be used to repeatedly generate, independent-
ly for each pedigree, pseudo-random marker alleles for the
typed markers in the pedigrees. The test statistic may be
computed for each of the resulting data sets and the result-
ing Monte-Carlo distribution of the test statistic may be
used as the reference distribution for computing p values.
This approach is suggested in Kaplan et al. [1997], Rabi-
nowitz [1997], Cleves et al. [1997], Lazzeroni and Lange
[1998] and Spielman and Ewens [1998], among others.
Another approach to using the results of the algorithm to
compute p values is applicable in data sets with many
pedigrees and with test statistics that are the sum of pedi-
gree-specific contributions; the expectations and vari-
ances of the conditional distributions of the pedigree-spe-
cific contributions may be derived from the conditional
distribution of the observed data and then used to nor-
malize the observed test statistic. The approximate refer-
ence distribution for the normalized statistic is then the
standard Gaussian distribution. This approach is used in
Spielman and Ewens [1998] and underlies an approach
taken in Rabinowitz [1997], for example. A third ap-
proach to computing p values may be computationally
feasible in data sets with only a few pedigrees: the pedi-
gree-specific conditional distributions may be used to
compute the exact conditional distribution of the test sta-
tistic through complete enumeration.

A distinction should be made between settings where
investigators are using association methods to search for
evidence of linkage and settings where linkage has been
established in a region and association methods are being
used for more precise mapping or to examine a candidate
locus. The former setting might be, for example, a genome
scan. The latter might be where a classical linkage analysis
has identified a broad region that is then typed at a
sequence of finely spaced markers, or where candidate
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mutations at presumed functional loci are examined. This
distinction is discussed in Martin et al. [1997] and Ewens
and Spielman [1995]. The null hypothesis, and therefore
the minimal sufficient statistic under the null hypothesis,
are different in the two settings. In the first setting, the
null hypothesis is that the marker is not linked to any trait
locus. In the second, the null hypothesis is that there is
independence between the alleles of the marker and the
alleles of any trait locus that is linked to the marker. The
two settings are treated separately in the following two
sections. The fourth section details the application of the
approach to a complex pedigree.

Throughout, it is assumed that traits are available for
some members of pedigrees, and that in (not necessarily
the same) members of the pedigrees, markers have been
typed. It is assumed that a test statistic that is sensitive to
association between traits and marker alleles is defined
for the observed traits and typed markers. The test statis-
tic might be as simple as restricting attention to individu-
als expressing a dichotomous trait and counting the num-
ber of chromosomes that carry a particular marker allele,
or as complicated as a score statistic from a joint likeli-
hood for quantitative or survival traits in all pedigree
members that incorporates environmental covariates and
genotype information from other loci known to influence
the trait. No assumptions on the ascertainment process
are made other than the usual assumption that the deci-
sion to include an individual in the study sample is made
without reference to the individual’s marker alleles. In
each of the following two sections, the null hypothesis is
first discussed and the minimal sufficient statistic under
the null hypothesis for the special case where all pedigree
founders’ markers are typed is presented. Then, the char-
acterization in the Appendix is used to generalize from
the special case to an algorithm for the general case where
not all pedigree founders’ markers are typed. The results
of the algorithm for nuclear families are then tabulated. A
subsequent section illustrates the application of the algo-
rithm to a nonnuclear pedigree.

A natural question that arises is whether conditioning
on the minimal sufficient statistic encompasses all possi-
ble approaches to adjusting. That is, whether or not every
adjustment approach either can be uniformly improved
upon or can be derived through the conditioning ap-
proach. If the minimal sufficient statistic were complete,
then the approach would encompass all exact tests. See,
for example, Cox and Hinkley [1974]. However, with cer-
tain kinds of missing marker information, with the second
type of null hypothesis, the minimal sufficient statistic is
not complete. This suggests that there can be information
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that is not extracted through conditioning on the minimal
sufficient statistic. An approach to recovering such infor-
mation is discussed in ‘Recovering Information’.

Using Association Methods to Test for Linkage

In this section the setting where association methods
are used to test for linkage is discussed. It is assumed that
correct type I error probabilities are desired regardless of
the underlying genetic model, regardless of patterns of
population admixture and regardless of the sampling
plan. Therefore, since any distribution of pedigree struc-
tures, traits and pedigree founder marker alleles may be
obtained as the consequence of some genetic model, pat-
tern of population admixture and sampling plan, it fol-
lows that the joint distribution of the marker alleles in
pedigree founders and the observed traits in all pedigree
members is unrestricted under the null hypothesis. (The
term ‘founder’ as used here may be defined in terms of
having relatives in the pedigree, but only relatives that are
also descendents. Founders are individuals who satisfy
this property, and also who have no descendents that
satisfy the property. With this definition, marry-ins are
also founders.)

When testing for linkage, the null hypothesis is that the
markers are not linked to any locus that influences that
trait. It follows that, conditionally given the marker alleles
in founders and the observed traits in all pedigree mem-
bers, under the null hypothesis, transmission of marker
alleles from founders to offspring is independent of the
traits in pedigree members. Therefore, if all founder
marker alleles are typed, the minimal sufficient statistic
under the null hypothesis would be the founder marker
alleles and the observed traits in all pedigree members.
The conditional distribution of the alleles at the typed
markers, given the traits in the pedigree members and the
founders’ marker alleles, does not depend on the traits
and corresponds to the usual transmission probabilities
given by Mendel’s laws.

When not all founders’ markers are typed, the charac-
terization in the appendix may be used to derive the mini-
mal sufficient statistic. The characterization implies that
two different outcomes (outcomes consist of all observed
traits and typed marker alleles) for a pedigree correspond
to the same value of the minimal sufficient statistic if and
only if the two outcomes satisfy the following three condi-
tions: first, that the traits in the two outcomes are the
same; second, that any set of founder genotypes that is
compatible with one of the outcomes is also compatible
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Table 1. Conditional distributions when testing for linkage with one
homozygous A4 parent’s marker alleles available

Children’s Conditional distribution
marker alleles
1 {AA}or{A4B} observed data have conditional probability 1
2 {AA, AB} randomly assign 44 or AB with probability 1/2,
1/2, independently to each sib, discarding out-
comes without at least one assignment of A4
and one assignment of AB
3 {AB, AC} randomly assign AB or AC with probability 1/2,

1/2, independently to each sib, discarding out-
comes without at least one assignment of AB
and one assignment of AC

with the other outcome; and third, the ratio of the condi-
tional probabilities of the outcomes, given the founders’
marker alleles, is the same for all of the compatible pat-
terns of founder marker alleles. Note that the minimal suf-
ficient statistic is not represented as a particular function
of the data, but rather as a partition of the sample space.

An algorithm for computing the conditional distribu-
tion in a pedigree therefore takes the following form.

(1) Find all the patterns of founder marker alleles that
are compatible with the alleles in the typed markers.

(2) For each of the patterns of compatible founder
marker alleles obtained in the first step, find the set of
compatible patterns of alleles in the typed markers in the
pedigree. Find the subset of these compatible patterns
that have exactly the same compatible patterns of founder
marker alleles as the observed alleles in the typed mark-
ers.

(3) For every pattern of compatible founder marker
alleles found in the first step and for every pattern of
alleles in the typed markers in the subset found in the sec-
ond step, compute the ratio of the conditional probability
of the alleles in the typed markers given the pattern of
founder marker alleles to the conditional probability of
the observed alleles in the typed markers given the pattern
of founder marker alleles.

(4) For some patterns of alleles in the typed markers in
the subset found in the second step, the ratios found in the
third step will be the same for all of the compatible pat-
terns of founder marker alleles found in the first step. This
subset is the set of outcomes with positive conditional
probability.

(5) The conditional distribution is found by arbitrarily
choosing any of the compatible patterns of founder mark-
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Table 2. Conditional distributions when testing for linkage with one
heterozygous 4B parent’s marker alleles available

Table 3. Conditional distributions when testing for linkage with no
parent’s marker alleles available

Children’s Conditional distribution Children’s Conditional distribution
marker alleles marker alleles
1 {AA}or {4B} observed data have conditional probability 1 {4A} or {AB) observed data have conditional probability 1
2 {AA, AB} random assignment of 44 and AB that {AA, AB) random assignment of 44 and AB that
keeps invariant the number of each keeps invariant the number of each
3 {A4A, BB}or randomly assign A4, AB and BB with proba- {44, BB} or randomly assign A4, BB and AB with proba-
{AA, AB, BB} bilities 1/4, 1/2, 1/4, independently to each {AA, AB, BB} bilities 1/4, 1/2, 1/4, independently to each
sib, discarding outcome without at least one sib, discarding outcome without at least one
assignment of A4 and one assignment of assignment of A4 and one assignment of
BB BB
4 {AC}or randomly assign 4C and BC with probabili- {4B, AC, BC} randomly assign AB, AC and BC with prob-
{AC, BC} ties, 1/2, 1/2, independently to each sib abilities 1/3, 1/3, 1/3 independently to each
5 {A4B, AC}or randomly assign AB, AC and BC with prob- :1:13(,1 gggﬁggssioifg;ele:ﬁ: 2?122 4B, AC
{AB, AC, BC} abilities 1/3, 1/3, 1/3 independently to each &
sib, discarding outcome without AB as- {AB, AC} randomly assign AB and AC with probabili-
signed at least once and without at least one ties 1/2, 1/2, independently to each sib, dis-
of AC and BC assigned at least once carding outcome without 4B and AC as-
6 {AA, AC}, randomly assign A4, AC, AB and BC with signed at least once
{AA, BC) probabilities 1/4, 1/4, 1/4, 1/4, discarding {44, BC}, randomly assign A4, AB, AC and BC with
{AA, AB, AC}, outcomes without 44 assigned at least once {4A, AB, AC} probabilities 1/4, 1/4, 1/4, 1/4, discarding
{AA, AB, BC}or and without at least one of AC and BC {AA, AC, BC}or outcomes without A4 assigned at least once
{4A4, AC, BC} assigned at least once {4A, AB, AC, BC}  and outcomes without both B and C repre-
7 {AC, BD}, randomly assign AC, AD, BC and BD with sented
{AC, AD}, probabilities 1/4, 1/4, 1/4, 1/4, discarding {4C, BD} randomly assign AC and BD with equal
{AC, BC, BD}or outcomes in which either C or D are not probabilities, independently to each sib, dis-
{AC, BC, BD, AD} assigned carding outcome without at least one assign-
ment of AC and one assignment of BD
{AC, BC, BD} or randomly assign AC, BC, AD, BD with
{AC, BC, AD, BD} equal probabilities, discarding outcomes

er alleles found in the first step and computing the condi-
tional probabilities of the patterns of alleles in the typed
markers given the chosen pattern of founders’ marker
alleles and given that the markers lie in the set described
in the fourth step.

The conditional distributions for configurations of ob-
served data in nuclear families are presented in tables 1-
3. Table 1 is for the case of marker alleles observed in only
a single homozygous parent. Table 2 is for observed mark-
er alleles in only a single heterozygous parent. Table 3 is
for the case where marker alleles are not observed in ei-
ther parent. The tables have two columns.

The first column corresponds to the observed configu-
ration of marker alleles in the children. Throughout, 4, B,
Cand D are used as generic marker alleles. The configura-
tions are listed in the form of sets. The notation {48, AC}
in the third entry in table 1, for example, corresponds to a
sibship of arbitrary size with at least one child carrying AB

Adjusting for Admixture

that do not contain at least three of the four

and one child carrying AC and no other genotypes repre-
sented in the sibship. More precisely, because 4, B, C and
D refer to generic markers, the notation {48, AC} corre-
sponds to a sibship of arbitrary size with the same marker
allele (referred to by A4) carried by all children and exactly
two other marker alleles (referred to by B and C) repre-
sented in the sibship.

The second column is a description of the conditional
distribution in the form of an algorithm for simulating the
distribution. The description

Randomly assign AB or AC with probability 1/2, 1/2, indepen-
dently to each sib, discarding outcomes without at least one assign-
ment of 4B and one assignment of AC.
in the third entry in table 1, for example, means that the
conditional distribution may be simulated by randomly
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assigning AB or AC with equal probability, independently
in each child, until a configuration of assignments occurs
that has at least one assignment of 4B and one assignment
of AC.

Testing for Association in the Presence of
Linkage

In this section, the setting of testing a candidate muta-
tion or using association for fine mapping in a region
where linkage has been established is treated. As in the
setting of the previous section, it is assumed that correct
type I error probabilities are desired for any genetic mod-
el, for any pattern of population admixture and for any
sampling plan. The null hypothesis, therefore, again
leaves unspecified the joint distribution of traits and the
marker alleles in the pedigree founders.

Unlike the setting of the previous section, however, the
null hypothesis does not specify that the marker is not
linked to any locus that influences the trait. Conditionally
given marker alleles in founders, therefore, identity-by-
descent relationships (identity-by-descent relationships
are the patterns of allele sharing, not simply the count of
the alleles shared by pedigree members) are not necessarily
independent of the pattern of traits in a pedigree. This is
because identity-by-descent relationships for the marker
alleles may be associated with transmission of linked loci
that influence the trait, which is in turn associated with the
traits in the pedigree. It follows that the joint distribution
of traits, founder marker alleles and identity-by-descent
relationships is unspecified under the null hypothesis.

The null hypothesis does, however, specify that, in the
population from which the pedigrees are chosen, there is
no association between the marker alleles and any linked
locus that influences the trait. Therefore, in settings where
founder genotypes are observed and where identity-by-
descent relationships are uniformly available as well, the
minimal sufficient statistic would be the traits, founder
marker alleles and identity-by-descent relationships. The
conditional distribution of transmissions given the mini-
mal sufficient statistic would correspond to transmission
of marker alleles independently of the traits and in accor-
dance with Mendel’s laws restricted to outcomes that pre-
serve the identity-by-descent relationships. In nuclear
families where both parents’ marker alleles are observed
and where identity by descent relationships are given (for
example, through typing flanking markers) the condition-
al distribution is generated by randomly choosing neither,
both or one or the other of the parents and switching in all
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offspring, the transmitted marker allele from the chosen
parents. See, for example, Martin et al. [1997].

In order to generalize to the setting where founder
marker alleles may not be typed or where identity-by-
descent relationships are not available, the characteriza-
tion in the appendix may again be used. The application
of the characterization involves, in this case, incorpora-
tion of the identity-by-descent relationships. Specifically,
in the second of the three conditions given in the previous
section, the compatible patterns of founders’ marker
alleles must be augmented to include compatible identity-
by-descent relationships as well. In the third condition,
the conditional probabilities of alleles in the typed mark-
ers, given the compatible parental markers should be
replaced by the conditional probabilities given the com-
patible parental markers and the compatible identity-by-
descent relationships. It follows that the description of the

Table 4. Conditional distributions when testing for association in
the presence of linkage with both parents’ marker alleles available

Parent’s Conditional distribution
marker
alleles
1 AAAA observed data have conditional probability 1
2 AAAB AA - AB, AB - AA, w.p. 1/2, and no change,
w.p. 1/2
3 AABB  observed data have conditional probability 1
4 AABC AB - AC,AC - AB,w.p. 1/2, and no change,
w.p. 1/2
5 ABAB AA - BB, BB - AA, w.p. 1/2, and no change,

w.p. 1/2, except in the case of exactly one heterozy-
gous and one homozygous offspring; in that case, for
5 {AA, AB), AA — AB, AB — AAw.p. 1/4,
AA - AB, AB -~ BBw.p. /4,
AA - BB, AB - ABw.p. /4,
and no change w.p. 1/4, and, for
57 {BB, AB}, BB - AB, AB -~ BBw.p. 1/4,
BB  AB, AB - AAw.p. 1/4,
BB - AA, AB - ABw.p. 1/4,
and no change w.p. 1/4

6 ABAC  AA - BA, AC - BC, AB - AA, BC - AC,w.p. 1/4,
AA - AC, AC - AA, AB - BC, BC - AB,w.p. 1/4,
AA - BC, AC - AB, AB - AC, BC - AA, w.p. 1/4,
and no change, w.p. 1/4

7 ACBD AB - BC,AD - CD, BC - AB, CD - AD,w.p. 1/4,

AB — AD, AD - AB, BC -~ CD, CD - BC, w.p. 1/4,
AB - CD,AD - CB, BC - AD, CD - AB,w.p. 1/4,
and no change, w.p. 1/4

Rabinowitz/Laird



algorithm given in the previous section should be modi-
fied by appending the phrase ‘and identity-by-descent
relationships’ to each appearance of ‘patterns of compat-
ible founder marker alleles’.

The conditional distributions for nuclear families for
testing for association in the presence of linkage are listed
in tables 4-7. Table 4 is for the case where marker alleles
are observed in both parents. Tables 5-7 are for a single
homozygous parent, a single heterozygous parent and for
no observed parental markers, respectively. Table 4 dif-
fers from the other tables in that the first column corre-
sponds to marker alleles in the parents rather than in the

Table 5. Conditional distributions when testing for association in
the presence of linkage with one homozygous A4 parent’s marker
alleles available

Children’s Conditional distribution
marker alleles
1 {A4A}or{AB} observed data have conditional probability 1
2 {44, AB) AA — AB, AB - AA, w.p. 172,
no change w.p. 1/2
3 4B, AC) AB — AC, AC — AB,w.p. 1/2,

no change w.p. 1/2

Table 6. Conditional distributions when
testing for association in the presence of
linkage with one heterozygous AB parent’s

Children’s
marker alleles

Conditional distribution

marker alleles available
1 {44}, {AB}or

{AB, AC, BC}
2 {44, AB)

3 {44, BB} or
{44, AB, BB}
4 {AC},{AC, BC}
5 {4B, AC}
6 {44, AC)

7 A4, BC)

8 {44, AB, AC}

9 {44, AB, BC)

10 {44, AC, BC}

11 {44, AC, AB, BC)

12 {AC, BD},{AC, AD},

{AC, BC, BD} or

{AC, BC, BD, AD)

observed data have conditional probability 1

observed data have conditional probability 1, except if only
two offspring; then, 44 — AB, AB — AA, w.p. 1/2,
and no change w.p. 1/2

AA - BB, BB - AA,w.p. 1/2,
and no change w.p. 1/2

AC - BC, BC - AC,w.p. 1/2,
and no change w.p. 1/2

AB - AC, AC - AB,w.p. 1/2,
and no change w.p. 1/2

AA - AC, AC - AA, w.p. 1/2,
and no change w.p. 1/2

AA - BC, BC - AA,w.p. 1/2,
and no change w.p. 1/2

AA - AB, AB - AA, AC - BC,w.p. 1/3,
AA - AC, AB - BC, AC - AA,w.p. 1/3,
and no change w.p. 1/3

AA - AB, AB - AA, BC - AC, w.p. 1/3,
AA - BC, AB - AC, BC - AA, w.p. 1/3,
and no change w.p. 1/3

AA - BC, AC - AB, BC - AA, w.p. 1/3,
AA - BC, AC - AB, BC - AC,w.p. 1/3,
and no change w.p. 1/3

AA - AB, AC - BC, AB - AA, BC - AC,w.p. 1/4,
AA - AC, AC - AA, AB - BC, BC - AB,w.p. 1/4,
AA - BC, AC - AB, AB - AC, BC - AA,w.p. 1/4,
and no change, w.p. 1/4

AC = BD, BD — AD, BC - AC, AD - BD, w.p. /4,
AC - AD, BD - AC, BC - BD, AD - AC,w.p. 1/4,
AC - BD, BD - AC, BC - AD, AD - BC,w.p. 1/4,
and no change, w.p. 1/4

Adjusting for Admixture
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Table 7. Conditional distributions when
testing for association in the presence of
linkage with no parent’s marker alleles

Children’s
marker alleles

Conditional distribution

available
1 {AA}, {AB}or

{4B, AC, BC}
2 {AA, AB}
2/
3 {A4A, BB}or
{4A, AB, BB}
4 {AB, AC}
5 {44, BC}

6 {AC, BD)

7 {AA, AB, AC)

8 {44, AC, BC}

9 {44, AB, AC, BC)

10 {AC, BC, BD}or

{AC, BC, BD, AD)

observed data have conditional probability 1

observed data have conditional probability 1, except
if only two offspring; then, 44 — AB, AB - AA, w.p. 1/2
and no change w.p. 1/2

AA - BB, BB - AA,w.p. 1/2
and no change w.p. 1/2

AB - AC, AC - AB,w.p. 1/2
and no change w.p. 1/2

AA - BC, BC - AA,w.p. 1/2
and no change w.p. 1/2

AC - BD, BD - AC,w.p. 1/2
and no change w.p. 1/2

AA - AB, AB - AA, AC - BC,w.p. 1/3,
AA - AC, AB - BC, AC - A4, w.p.1/3
and no change w.p. 1/3

AA - AC, AC - AA, BC - AB, w.p. 1/3,
AA - BC, AC - AB, BC - AA,w.p. 1/3
and no change w.p. 1/3

AA — AB, AB - AA, AC — BC, BC - AC,w.p. /4,
AA - AC, AB - BC, AC - AA, BC - AB,w.p. 1/4,
AA - BC, AB - AC, AC - AB, BC - AA,w.p. 1/4
and no change w.p. 1/4

AC - BC, BC - AC, AD - BD, BD - AD,w.p. 1/4,
AC - AD, BC - BD, AD - AC, BD - BC,w.p. 1/4,
AC - BD, BC - AD, AD - BC, BD - AC,w.p. 1/4
and no change w.p. 1/4

children. In the descriptions of algorithms for simulating
the conditional distributions in the second columns of the
tables, the description

AA - AB, AB - AA, w.p. 1/2.
No change, w.p. 1/2

from the second entry in table 4, for example, means that
the conditional distribution is generated by leaving the
data unchanged with probability 1/2 and interchanging
the genotypes in the children with probability 1/2.

Application to a Nonnuclear Pedigree

In this section, the algorithm is illustrated through an
application to the pedigree depicted in figure 1. The low-
er-case roman numerals in the figure index individuals in
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the pedigree. Individuals i, ii, iii and vi are the founders.
Missing marker alleles are indicated with question marks.
All founders’ marker alleles are missing. First, the case of
using association methods to search for evidence of link-
age is presented. Then, the case of using association meth-
ods for more precise mapping or to examine a candidate
locus in the presence of linkage is presented.

The first step of the algorithm in the first case results in
three possible patterns of marker alleles in the founders
compatible with the observed data. These three patterns
are listed in table 8. The entries in the table are marker
genotypes. The four columns of the table correspond to
the four founders. Individuals iii and vi are obligate het-
erozygous AB. More than one pattern of compatible
marker alleles exist for individuals i and ii.

The patterns of alleles in the typed markers that are
compatible with exactly the same set of patterns of marker
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Table 8. Patterns of founder marker in the

example

i il i1l Vi
AA AB AB AB
AB AA AB AB
AB AB AB AB

Table 9. Patterns of alleles in the typed markers compatible with
exactly the same patterns of compatible founder marker alleles as the
observed marker alleles

v 12 Vil Viil X X
AB AA BB AA AA AB
AB AA AA BB AA AB
AB AA BB AA AB AA
AB AA AA BB AB AA
AA AB AA AB BB AA
AA AB AA AB AA BB
AA AB AB AA BB AA
AA AB AB AA AA BB

alleles in the founders as the observed alleles in the typed
markers are listed in table 9. The entries in the table are
genotypes and the columns correspond to the six individ-
uals whose markers are typed. The second step of the algo-
rithm results in eight patterns.

For the first and second of the patterns of founder
marker alleles found in the first step of the algorithm, the
conditional probability of all of the marker alleles in typed
individuals found in the second stage are 1/28, while for
the third, the conditional probabilities are all 1/29. The
ratios are all equal to 1 for all three patterns of founder
marker alleles. The subset from the fourth step of the algo-
rithm is therefore the whole set of eight patterns of marker
alleles in the typed individuals. Furthermore, the condi-
tional distribution gives equal probability to all eight pat-
terns.

Now, consider the second case, testing for association
in the presence of linkage. Table 10 lists the patterns of
founder marker alleles and identity-by-descent relation-
ships compatible with the observed data. The rows in the
table correspond to different possible patterns of founder
marker alleles and identity-by-descent relationships. The
first four columns are the marker genotypes in the foun-
ders. The next eight columns list the indices of individuals

Adjusting for Admixture

7 7
i) w v vi
7 AB AA ??

BB AA AA AB

Fig. 1. Pedigree used in the example to illustrate the approach.

sharing founder marker alleles. Each founder potentially
contributes two alleles. Individual ii’s two alleles, for
example, are distinguished in the columns by the notation
itand ii’.

Only the first and third rows of table 9 correspond to
outcomes with exactly the same set of compatible founder
marker alleles and identity-by-descent relationships as the
observed data. The first row is the observed data and the
third row corresponds to interchaning the alleles of indi-
vidual vi. Paradoxically, although subjects iii, iv, vii and
viii taken as a pedigree by themselves would provide
unbiased information that is recovered through the ran-
dom assignment of BB to vii and AA4 to viii or AA to vii and
BB to viii, the interchange is not allowed under the condi-
tional distribution given the minimal sufficient statistic.
This is because, for example, it is possible that subject i
carries AA and subject ii carries AB, and one of subjects i’s
marker alleles is shared identical by descent with subjects
viii, ix and x. This scenario is incompatible with subject
vii being homozygous A4 and subject viii being homozy-
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gous BB. For all of the outcomes other than first and third,
the compatible identity by descent relationships are simi-
larly not the same as those compatible with the observed
data. The two allowed outcomes are equally likely under
the conditional distribution.

It is instructive to examine how the calculation of the
conditional distribution given the sufficient statistic may
be used to compute the expectation and variance of a test
statistic. Let T, T, Tyi, Tyii Ty and T, denote traits in
the individuals with typed markers. The traits might be
indicators of affected status or residuals from the regres-
sion of quantitative traits on covariates. Let Y;,, Y,, Y.
Y,ii Yir and Y, be variables that reflect the number of a
particular allele carried by the individuals with typed
markers. The variables might simply count the number of
the alleles carried or be some other function of the num-
ber of alleles. Let yo, ¥ and y, denote the values of the
function for zero, one or two alleles. Consider a test statis-
tic of the form

Tiinv + Tva + Tviinii + Tviiiniii + Tl\sz + T).'Yx-
Most test statistics that have appeared in the literature
take the form of adjusted versions of such test statistics.

When testing for linkage, the conditional expectation
under the null hypothesis of the test statistic is

=5 (Tpyr + Topr + Tyio + Ty + T + Topy +
Ty + Toya + Ty + Tyisyo + Tixyn + Ty +
Tiyr + Toya + Tyiyo + Tyisiya + Ty + Ty +
Ty + Toya + Ty + Tyisyo + Tixyy + Thoya +
Tyyr + Toyr + Ty + Ty + Tixyo + Thoya +
Tiyr + Toyr + Ty + Tyisiyr + Tixyn + Thyo +
Tyyr+ Toyr + Ty + Toya + Tixyo + Thoya +
Tiy2 + Toyr + Ty + Toisiya + Tixya + Tyo).

The conditional variance under the null hypothesis is
+ (Toy1 + Ty + Tyiyo + Toiiys + Ty + Ty = ) +
(Tyyr + Tyya + Toina + Tyiyo + Tiyr + Toyy — p) +
(Tiyr + Toya + Toipo + Tyisya + Tieyr + Toya — p)? +
(Tyyr + Tyyo + Toina + Tyiyo + Ty + Toyr — p) +
(Tiy2 + Tyyr + Tyiya + Ty + Ticyo + Toya — ) +
(Tyyz + Tyyr + Toina + Tyaiyy + Tiyr + Toyo — ) +
(Tiy2 + Toyr + Tyt + Tyiiya + Tixyo + Tiyr = ) +
(Tyyz + Tyyr + Toinr + Tyiaiya + Ty + Toyo — w)).

To take a concrete example, suppose that the traits are
indicators of affected status, with 1 indicating affected
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and 0 indicating unaffected status, and suppose that the
statistic counts the number of A4 alleles, so that yy =0, y; =
1 and y, = 2 according to how many A alleles are carried.
Suppose that subjects ix and x are affected and all other
subjects are not. Then, the contribution from the pedigree
to the unadjusted statistic is 3. The conditional expecta-
tion of the contribution is

é((2+1)+(2+1)+(1+2)+(1+2)+(0+2)+(2+0)+

(0+2)+(2+0))=%=2.5.

The contribution to the variance of the statistic is

%((2 +1-20/8+(2+1-20/8) +
(1+2-20/8)%+ (1 +2-20/8)>+ (0 +2-20/8)> +
(2+0-20/8)2+(0+2-20/8)%>+ (2 +0-20/8)?) = 0.25.

Note that for this statistic, for this configuration of
traits, none of the three nuclear families that make up the
pedigree provide, by themselves, any information. In the
nuclear family with parents i and i/ and the nuclear family
with parents iii and iv there are no affected individuals so
the test statistic is zero and has variance zero. For the
family with parents v and vi, using line 2 of table 1, the
two genotypes A4 and AB are randomly interchanged
with probability 1/2 in the two affected individuals. Con-
ditionally, the test statistic is constant. Under the condi-
tional distribution in the analysis of the whole pedigree,
individual v has genotype 44 or AB with probabilities 1/2.
When individual v has genotype A4, one child carries 44
and the other 4AB. However, when individual v has geno-
type AB, one child has genotype A4 and the other has BB.
In the analysis of the nuclear family by itself, individual
v’'s marker alleles are fixed at AA4.

Recovering Information

Conditioning on the minimal sufficient statistic is the
broadest conditioning strategy for which the resulting
conditional distribution is invariant to the distributions
in the null hypothesis. That is, it is most efficient among
all conditioning strategies that allow the conditional dis-
tribution under the null hypothesis of all test statistics to
be computed exactly. However, it can be that not all the
available information is captured through the condition-
ing approach.

This would be the case in the example of the previous
section when testing for association in the presence of
linkage if, for example, one of individuals vii and viii were
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Table 10. Identity-by-descent relationships and founder marker alleles compatible with typed markers in the example

Founder Markers

Allele sharing of founder chromosomes

i

i i i Vi i I

v

=
.

i i i it Vi

AA AB AB AB ,v, Viil, ix, X v v, vii viil vii X X
AA AB AB AB v, v, Viil, ix v, X v, vii viii vii ix X
AA AB AB AB v, v, viil, X v, IX v, vii viii vii ix X
AA AB AB AB v, v, Viil v, IX, X v, vii viii vil ix X
AA AB AB AB v, Viil v, IX, X v v, vii viii vii ix X
AA AB AB AB v, viii v, IX v, X v, vii viii vii ix X
AA AB AB AB v, Viii v, X v, IX v, vii viii vil ix X
AA AB AB AB v, viil 1 v, IX, X v, vii viil vii ix X
AB AA AB AB v v, vii v, v, Viii, ix, X Viii vii ix X
AB AA AB AB v, X v, vii v, v, Viil, ix viii vil ix X
AB AA AB AB v, IX v, vii v, v, viil, X viii vii ix X
AB AA AB AB Vv, IX, X v, vii v, v, viil viii vii ix X
AB AA AB AB v v, vii v, viil v, IX, X viii vil ix X
AB AA AB AB v, X v, vii v, Viil v, IX viil vii ix X
AB AA AB AB v, iX v, vii v, viil v, X viii vii ix X
AB AA AB AB v, IX, X v, vii v, viii v viii vil ix X
AB AB AB AB v, v, Viil, ix, X v v, vii Viil vii ix X
AB AB AB AB v, v, Viil, ix v, X v, vii vii vii ix X
AB AB AB AB v, v, vViil, X v, IX v, vii viil vil X X
AB AB AB AB v, v, viil v, IX, X v, vii viil vii ix X
AB AB AB AB Vv, IX, X v, vii v, v, viil viii vii ix X
AB AB AB AB v, Ix v, vii w, v, Viil, X viil vil X X
AB AB AB AB v, X v, vii v, v, Viil, ix viil vii ix X
AB AB AB AB v v, vii v, v, Viii, ix, X Viii vii ix X

affected and the other were not. Then, permutations of
marker alleles in vii and viii would be part of the condi-
tional distribution if the nuclear family consisting of indi-
viduals i7i, iv, vii and viii were considered by itself. These
permutations are not part of the conditional distribution
when the whole pedigree is considered, however. Intui-
tively, this is because, although the conditional distribu-
tion of marker alleles in separate portions of the pedigree
can be determined, the joint conditional distribution of
markers in the whole pedigree cannot.

The full strength of conditioning on sufficient statistics
may not be necessary, and by giving up the ability to com-
pute exact conditional distributions for all test statistics,
additional information may be recovered. For test statis-
tics that are made up of sums of terms in which each term
involves only a portion of a pedigree, each term may be
normalized by subtracting the conditional expectation
given the minimal sufficient statistic for only the relevant
portion of the pedigree. Robust approaches akin to those
used with generalized estimating equations may then be
applied to estimate the variance of the normalized sums.

Adjusting for Admixture

These variance estimates would simply be the sum, over
pedigrees, of the square of the sum within pedigrees of the
various normalized terms.

Current practice with family based association tests
with complex pedigrees appears to break up the pedigrees
into nuclear families and apply simple test statistics to
each of the families. This strategy may allow the practi-
tioner to recover information from each nuclear pedigree
that might not be available through conditioning on the
minimal sufficient statistic. On the other hand, this strate-
gy does not best extract information that might only be
available from considering the traits in all individuals in
the pedigree. Moreover, as seen in the example in the pre-
vious section, there may be information in the marker
alleles in the pedigree as a whole that is not available from
the nuclear families by themselves. What test statistic
might best extract information from the whole pedigrees
and the settings in which the strategy of breaking complex
pedigrees into nuclear families might be preferable is an
open issue.
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Discussion

This paper presents an approach to testing for associa-
tion while avoiding bias due to admixture. When com-
plete founder marker information is available, in the set-
ting of testing for linkage, the adjustment involves condi-
tional distributions that correspond to Mendelian trans-
missions. When testing for association in the presence of
linkage, when complete founder marker information and
identity-by-descent relationships are available, the ap-
proach corresponds to randomly interchanging founder
marker alleles.

The approach presented here differs from previous
approaches in two fundamental ways. First, the founda-
tion for the approach is not based on treating non-trans-
mitted alleles as controls, nor is it based on the application
of permutation statistics such as McNemar’s or Mantel-
Haenszel statistics. Rather, the foundation for the ap-
proach is the classical and systematic statistical strategy of
conditioning on minimal sufficient statistics under the
null hypothesis. Second, the question of what test statistic
to use is decoupled from the problem of adjusting for
admixture.

By taking the foundation to be conditioning on suffi-
cient statistics, family-based association tests are imme-
diately generalized to arbitrary pedigree structures and
arbitrary patterns of missing marker information. By
focusing on minimal sufficient statistics, the most effi-
cient conditioning approach among those that result in
correct type I error rates for all test statistics is used. For
test statistics that simply count the number of a particular
marker allele carried by affected individuals, the ap-
proach presented here in many cases, reproduces one or
the other previously proposed method. In cases where
more than one such method is applicable, the approach
presented here provides a tool for discriminating between
the methods. The approach also fills in the gaps where no
previously proposed methods are applicable.

By decoupling the question of the test statistic from the
problem of adjusting for admixture, the practitioner is
free to use any association statistic that appears appro-
priate. This immediately extends family-based associa-
tion statistics to analyses that combine information from
extended pedigrees, applications to quantitative, survival
and multivariate traits, incorporation of environmental
and genetic covariates and analysis of polymorphic mark-
ers. Moreover, the practitioner is free from conceptualiz-
ing test statistics as counting transmissions from heterozy-
gous parents. The choice of optimal test statistics requires
some knowledge of the particular genetic model that is
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followed by the trait and marker locus in question. How-
ever, valid inference results from the conditioning ap-
proach whether or not any assumptions that might have
guided the choice of the test statistic are correct.

Finally, the exposition here has not tried to make a dis-
tinction between tests of association and tests of linkage.
Instead, the goal of the analyses has been framed as either
examining association between marker alleles and traits
in order to detect linkage between the marker locus and a
trait locus, or examining association between a candidate
locus and traits with hopes of inferring a direct influence
of the candidate locus on the trait. A distinction between
two kinds of null hypotheses, each corresponding to a dif-
ferent kind of setting, has been maintained, however. One
setting is where a candidate locus in a region that would
not otherwise be suspected being linked to a trait locus is
under examination, or where association methods are
being used in a genome scan. The other setting is one
where linkage is suspected in a region, and it is hoped that
association methods will allow the region to be narrowed,
or where linkage has been established in a region, and can-
didate loci in the region are under examination.

Appendix

In this appendix, the three conditions that characterize the mini-
mal sufficient statistic under the null hypothesis are derived. The
distinction between the minimal sufficient statistic based on the
observed data, which is to be computed, and the full data minimal
sufficient statistic, which would be used if it were available, is crucial.
The full data minimal sufficient statistic is, in the case of testing for
linkage, the observed traits in all pedigree members and the marker
alleles in the founders. In the case of testing for association in the
presence of linkage, the full data minimal sufficient statistic is the
observed traits, the marker alleles in the founders and the identity-
by-descent relationships.

To justify the conditions, it is sufficient to show that if two differ-
ent realizations of the typed marker alleles and observed traits, y and
" have the same value of the observed data minimal sufficient statis-
tic, then, for any value of the full data minimal sufficient statistic, x,
either the conditional probabilities of y and )’ given x, P(y|x) and
P(y’|x), are both equal to zero, or, the ratio P(y|x)/P()’| x) is invariant
to the choice of x.

First, note that no restrictions are placed on the distribution of
the full data minimal sufficient statistic under either of the two null
hypotheses. It follows that, under broad regularity conditions, the full
data minimal sufficient statistic is complete. (Here, complete is used
in its technical sense, not in the sense of the complete data; a com-
plete sufficient statistic for a set of models is one with the property
that if the expectation of a function of the statistic is identical to a
constant for every model in the set, then the function is identically
equal to the constant.) Next, recall that the likelihood is the observed
data minimal sufficient statistic. That is, the equivalence classes giv-
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en by segregating the sample space into subsets whose members have
proportional likelihood ratios are the same as the equivalence classes
that correspond to the minimal sufficient statistic. The likelihood of
the observed data y may be written as

JdPX)P(y|x),

where P(x) is the marginal distribution of the complete full data suffi-
cient statistic. The integral is over all values of the full data minimal
sufficient statistic that are compatible with the observed data. There-
fore, y and )’ correspond to the same value of the minimal sufficient
statistic if and only if, for some non-zero constant c,

JdP(x)P(y|x) = c[JdP(x)P(y'| x)

for every model in the null hypothesis. See, for example, Cox and
Hinkley [1974].

By sufficiency, P(y|x) is invariant to the distributions under the
null hypothesis, so that, by completeness, y and )’ correspond to the
same value of the minimal sufficient statistic if and only if

P(y[x) = cP(y'| x)

for all x. The result follows directly.
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