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 Introduction 

 The lod score is widely used for gene mapping. The use 
of lod scores for linkage analysis of family data was estab-
lished by Morton (1955), and was defi ned as the log 10  of 
the ratio of the likelihoods of two models. These models 
differ only in whether the recombination fraction,  � , be-
tween the two loci in the analysis refl ects linkage ( �   !  1/2) 
or free recombination ( �  = 1/2): all other parameters of 
the genetic model are held fi xed. Data on multiple linked 
genetic markers are now routinely collected for genetic 
studies. To use the available information more effective-
ly, multilocus lod scores are often calculated, with the free 
parameter in the likelihood ratio being the location of one 
of the loci relative to a fi xed map of the remaining loci. 
LIPED  [1]  and LINKAGE  [2]  were the fi rst widely avail-
able computer programs that allowed computation of 
two-point and multipoint lod scores, respectively. How-
ever, despite signifi cant advances in computer speed and 
improved algorithms  [3, 4] , the calculation of multilocus 
likelihoods remains a computational bottleneck for data 
analysis, particularly for larger pedigrees. 

 Two algorithms exist for the exact calculation of mul-
tilocus likelihoods. The Elston-Stewart algorithm  [5, 6]  
can compute likelihoods on large families but is restricted 
to data at a very few loci. On simple pedigrees, the com-
putational burden of the algorithm increases linearly with 
family size but exponentially with the number of loci. 
Conversely, the Lander-Green algorithm  [7]  calculates 
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 Abstract 
 On extended pedigrees with extensive missing data, the 
calculation of multilocus likelihoods for linkage analysis 
is often beyond the computational bounds of exact meth-
ods. Growing interest therefore surrounds the imple-
mentation of Monte Carlo estimation methods. In this 
paper, we demonstrate the speed and accuracy of a new 
Markov chain Monte Carlo method for the estimation of 
linkage likelihoods through an analysis of real data from 
a study of early-onset Alzheimer’s disease. For those 
data sets where comparison with exact analysis is pos-
sible, we achieved up to a 100-fold increase in speed. Our 
approach is implemented in the program lm _ bayes with-
in the framework of the freely available MORGAN 2.6 
package for Monte Carlo genetic analysis (http://www.
stat.washington.edu/thompson/Genepi/MORGAN/Mor-
gan.shtml). 
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exact likelihoods on many loci jointly, but is restricted to 
small families. The computational complexity of this al-
gorithm increases linearly with the number of loci and 
exponentially with family size. 

 Several programs based on each algorithm have been 
developed. The earlier programs were based on the Elston-
Stewart algorithm  [5] , with more recent modifi cations 
and implementations using allele and genotype recoding 
schemes  [4, 8, 9]  or fuzzy inheritance  [4]  to accelerate the 
likelihood computations. The Lander-Green algorithm 
was fi rst implemented in the computer package GENE-
HUNTER  [10] . Later revisions  [11]  and other implemen-
tations  [12, 13]  allow faster calculation of multilocus like-
lihoods on slightly larger families. Despite impressive ad-
vances in computations for multipoint analyses, exact 
likelihood computation for data at a large number of 
marker loci remains infeasible on families of arbitrary 
size and complexity. 

 An attractive alternative to exact computation is the 
estimation of multilocus likelihoods using Markov chain 
Monte Carlo (MCMC). MCMC procedures, such as the-
Metropolis-Hastings algorithm  [14]  and the Gibbs sam-
pler  [15] , are methods for generating dependent samples 
from high-dimensional probability distributions. The 
samples are realized from a Markov chain that has the 
distribution of interest as its stationary distribution. 
These realizations can then be used to construct an esti-
mate of the likelihood. 

 Several approaches for MCMC estimation of multilo-
cus lod scores have been proposed. The fi rst is due to 
Lange and Sobel  [16] , and realizes latent marker geno-
types conditional on the observed marker data using a 
Metropolis algorithm. Given each realized multilocus 
marker genotype, the exact probability of the trait data is 
calculated, for each trait model and each hypothesized 
position of the trait locus. The likelihood estimate, at a 
given location and trait model, is the average of these 
probabilities over the successive realizations of the mul-
tilocus marker genotypes. Sobel and Lange  [17]  improved 
this approach by sampling genetic descent graphs of the 
markers conditional on the observed marker data, but a 
feature of this approach remains that the trait data do not 
enter into the MCMC sampling. This can be quite effi -
cient when the trait itself conveys little information. 
However, when the trait inheritance pattern is strong, 
failure to use the trait data in MCMC sampling leads to 
poor MCMC performance  [18] . 

 Lin  [19]  and Thompson  [18]  instead adopted the ap-
proach of Thompson and Guo  [20]  for the Monte Carlo 
estimation of likelihood ratios. Here the latent inheri-

tance patterns at both trait and marker loci are sampled 
conditional on both trait and marker data, under a fi xed 
genetic model. From a set of realizations from a given 
MCMC under given parameter values, the complete local 
likelihood surface relative to that at the simulation pa-
rameters can be estimated. However, since there is often 
strong evidence against a trait locus being tightly linked 
to a marker, the lod score often has sharp decreases near 
marker locations. This makes almost impossible the use 
of the local likelihood-ratio method to estimate accurate-
ly the absolute value of the lod score at positions within 
a multimarker map  [18] . 

 George and Thompson  [21]  proposed a new MCMC 
method for producing estimates of multilocus lod scores. 
Their pseudo-Bayesian procedure recovers a likelihood 
estimate from a set of posterior probabilities of trait locus 
locations,  � . In a pseudo-Bayes approach  [22] , a prior dis-
tribution is placed on a parameter (in this case,  � ), and 
this parameter is sampled in the MCMC process. How-
ever, this prior distribution is simply a tool to enhance 
MCMC performance: the choice of prior does not affect 
the likelihood to be estimated. The method of  [21]  com-
bines the exact computation of trait data probabilities of 
 [17]  with the sampling conditional on both trait and 
marker data of  [18] , and incorporates several recent ad-
vances in MCMC methodology. 

 In  [21]  the basic validity of the method and mixing 
performance of the MCMC was demonstrated through 
application to data on three loosely linked marker loci on 
two extended pedigrees of simple structure. Only three 
markers were used so that the resulting estimated lod 
scores could be compared with those produced by VI-
TESSE  [4] . Although the pedigree structures and genetic 
markers derived from a real study  [23] , the trait data were 
‘invented’ to mimic the known reality of linkage in one 
pedigree and absence of linkage in the other. No trait 
model was incorporated into these illustrative analyses: 
the trait genotypes of certain individuals were assumed 
known. Two estimators of the multipoint lod scores were 
proposed by  [21] . First, a naive estimator of the posterior 
probability distribution of location was obtained from the 
empirical distribution of realized values. Second, a Rao-
Blackwellized form  [24]  was obtained. A comparison of 
the computational effi cacy of these two estimators was 
given by  [21] , and the second found to be preferable de-
spite the extra computation it entails. 

 In this paper, we provide an assessment of the methods 
of  [21]  through the analysis of real data from a study of 
Alzheimer’s disease. The methods have been further de-
veloped to incorporate a variety of qualitative and quan-
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titative trait models: here we use a penetrance function 
incorporating a logistic form for age-of-onset. We use a 
set of pedigrees of varying size and complexity, and vary-
ing in the extent of data and the pattern of missing data. 
Thus we have a much wider basis for comparison of the 
new method with exact computational methods. We use 
both tightly-linked and loosely-linked markers in com-
parisons with VITESSE  [4] , and use the full set of 10 
markers in comparisons with GENEHUNTER  [10] . The 
latter comparisons are, or course, possible only for the 
smallest pedigrees. However, on some of the larger pedi-
grees, knowledge of the underlying disease mutation also 
allows assessment of the performance of the methods. We 
provide not only evidence for the speed and accuracy of 
the method, but show also that MCMC can provide or-
der-of-magnitude speed-up over exact methods, even 
when the latter are feasible. 

 Methods 

 In this section, we describe the data, and the trait model under 
which multilocus linkage likelihoods are to be estimated. We then 
provide details of the implementation of the pseudo-Bayes method 
of  [21]  that will achieve MCMC estimation of these multipoint 
linkage likelihoods. Finally, in this section, we discuss the use of 
the expected complete-data log-likelihood (ECDLL) as a diagnostic 
to compare MCMC runs which provide divergent likelihood esti-
mates. 

 The Pedigrees and the Trait 
 To test the performance of the pseudo-Bayes approach to 

MCMC estimation of linkage likelihoods, we analyze data from a 
study of familial Alzheimer’s disease (AD). In this data set, the 
causative presenilin 2 (PS2) mutation has been mapped to chromo-
some 1  [23]  and identifi ed  [25] . The data used here includes trait 
and marker information on six families (HB, HD, R, KS, W, WFL), 
varying in size ( table 1 ) and pedigree complexity  [23, 26, 27] . The 
pedigrees KS, R, WFL and W have a simple genetic structure, all 
individuals descending from a single founder couple over 2 to 5 
generations. Each of the pedigrees HB and HD has a loop formed 
from the marriage of cousins. The HB pedigree has a depth of 6 
generations, while the 5-generation HD pedigree descends from 
two original founder couples. 

 Due to the late onset of AD, many individuals were deceased 
and unavailable for sampling ( table 1 ). Information was collected 
on the disease status and age at onset (if affected) or age at last ex-
amination (if unaffected). For some individuals, generally those in 
earlier generations, disease status is unknown. From previous stud-
ies  [25]  it is known that families HB, HD, R, and WFL have a mu-
tation in the PS2 gene on Chromosome 1, but that families KS and 
W do not carry this mutation. This study was approved by the Uni-
versity of Washington institutional review board, and informed 
consent was obtained from each participant. 

 In our analyses, we assume AD is an autosomal dominant dis-
ease with age-dependent penetrances based upon the logistic distri-

bution. A frequency of 0.05 is assumed for the disease predisposing 
allele  D . In pedigree  j , the probability of individual  i  of age  a  ij  being 
affected given disease genotypes  DD  or  Dd  is 
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 where  Y  ij  denotes the trait value for this individual. The parameter 
 �  j  is the sample mean age of the affected individuals in pedigree  j  
and 
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 where  S  2  = 259.7 is the sample variance of the onset ages of the af-
fected individuals over all the pedigrees. 

 To account for sporadic cases, the penetrance for the  dd  geno-
type is again based on the cumulative logistic distribution with 
median onset  �  taken as 90 years. That is, the probability of indi-
vidual  i  from pedigree  j  and not carrying the disease gene being 
affected with AD is 
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 For the value of  �  used, the value  �  = 90 provides an onset prob-
ability of about 15% by age 75 for non-gene carriers. 

 Since the programs VITESSE  [4]  and FASTLINK  [3]  use dis-
crete liability classes to accommodate age-dependent penetrances, 
we did the same for our MCMC analyses. The penetrance range 
was divided into 10 intervals, bounded by values (0, 0.1, 0.2, 0.35, 
0.5, 0.65, 0.8, 0.85, 0.9, 0.95, 1.0). These values were chosen to en-
sure a range of liability classes within each pedigree. The actual 
penetrance value used was the midpoint of the range: for example 
0.725 for the interval (0.65, 0.8). A liability class was assigned to 
each affected individual on the basis of the value of the pedigree-
specifi c logistic curve at that individual’s age-of-onset. For unaf-
fected individuals, the same procedure was followed, except that 
the penetrance intervals were bounded by the values (0, 0.003, 

  Table 1.  Summary of the AD family data used 

Family data AD data Marker 
data
n obs.pedigree size gen aff unaff unobs onset

HB 50 6 13 28 9 60.6 27
HD 41 5 14 17 10 52.2 14
R 53 4 17 30 6 50.8 31
KS 53 5 11 36 6 65.5 27 
WFL 21 3 6 14 1 63.8 15
W 6 2 4 2 0 59.8 4

Given are the pedigree names, size, and number of generations 
(gen). For the AD trait, given are the numbers of affected (aff) and 
unaffected (unaff), the number for which AD status is unknown 
(unobs), and the mean onset age of affected individuals (onset). 
Also given is the count of individuals for whom marker data are 
available.
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0.008, 0.016, 0.031, 0.056, 0.112, 0.153, 0.222, 0.376, 1.0). Using 
the logistic curve for the non-gene carriers, the fi rst interval corre-
sponds to individuals under 40, and the last to those over 85.5. 
Again the midpoint value was the one used, so the maximum af-
fectation probability for non-gene carriers (those over 85.5) is 
0.688. 

 The Marker Data and Lod Score Analyses 
 In our multilocus linkage analyses of the AD family data, we 

compute map-specifi c lod scores. That is, the marker map is as-
sumed known. We use marker data on 10 linked genetic markers 
on chromosome 1 ( table 2 ). These markers are approximately even-
ly spaced along a 90-cM chromosome segment surrounding mark-
er D1S479, which is closely linked to the PS2 locus. The sex-aver-
aged map is used, and map distances in  table 2  have been convert-
ed to Haldane centiMorgans, since the Haldane map function is 
used for our multipoint analyses. Each marker has between 6 and 
15 possible alleles. 

 Data on each family are analyzed separately using different 
marker subsets (MS) summarized in  table 3 . The marker D1S479 
closest to the PS2 locus was included in all marker subsets. The full 
set of all 10 markers (MS-A) can only be used in the MCMC anal-
yses or on very small pedigrees. Two 3-marker subsets were chosen 
to allow comparison of MCMC and exact results for most of the 
pedigrees. One 3-marker subset typifi es tight linkage (MS-T) and 
the other loose linkage (MS-L). The marker set MS-L was used in 
previous testing of our method  [21] , but that study considered only 
two pedigrees of simple structure and with no trait model, making 
the unrealistic assumption that genotypes at the trait locus are ob-
servable. Here, both the sets MS-T and MS-L were used for com-
parison because tight linkage is a particular challenge for the MCMC 
sampling of latent inheritance patterns, and hence for the estima-

tion of multilocus lod scores  [18] . A comparison of performance for 
MS-L and MS-T, under a realistic trait model and on a variety of 
pedigree structures and missing-data patterns, is therefore of inter-
est. For the larger HB and HD pedigrees, each having a loop, exact 
computation is possible only for three loci jointly: a marker pair 
(MP) and the trait locus. For comparison of exact and MCMC 
 computations on these pedigrees, each of the 3-marker subsets 
MS-T and MS-L was divided into two pairs of adjacent markers 
( table 3 ). 

 All lod scores were estimated at locations within and external 
to the marker map. For the 10-marker MS-A data, lod scores were 
obtained at 3 positions within each interval: at 10, 50 and 90% of 
the map length of the interval. For the 3-marker subsets MS-T and 
MS-L, 9 equally-spaced positions (in terms of Haldane cM) were 
used in each interval. Outside the linkage group, lod scores were 
computed for hypothesized trait locations at recombination frac-
tions 0.05, 0.2, 0.3, 0.4 and 0.45 from the nearest (fi rst or last) 
marker. 

 Exact multipoint lod score results were obtained for the same 
data, model, and hypothesized trait locus positions, using a variety 
of available software programs. Exact four-locus lod scores were 
calculated for the KS, R, W and WFL using VITESSE  [4] . Exact 
11-point lod scores were also computed on the W pedigree and a 
reduced WFL pedigree using GENEHUNTER  [10] . VITESSE 
could not be used on the HB and HD families, due to their more 
complex structure. Therefore, FASTLINK  [3, 28]  was used to com-
pute exact three-locus (2-marker) lod scores for these two pedigrees. 
Both MCMC and exact computations were performed under Linux 
using a single Pentium III processor running at 933 MHz. 

 The MCMC Lod Score Estimator 
 In this paper we estimate map-specifi c lod scores by the MCMC 

method proposed by  [21] . A fi xed trait and marker model is as-
sumed: we index this model by parameters  � . The linkage likeli-
hood is to be estimated, under the model  � , at a set of  K  + 1 discrete 
alternative hypothesized positions  �  of the putative trait locus. We 
label the positions  �  = 0, 1, 2, ...,  K . The position  �  = 0 denotes an 
unlinked trait locus and  �  = 1, 2, ...,  K  are  K  arbitrary fi xed posi-
tions linked to or within the marker map. 

 As in other implementations of MCMC on pedigrees  [17, 29] , 
the primary latent variables to be sampled are the inheritance vec-
tors  [7]  at trait and marker loci. We denote by  S  the full set of in-
heritance vectors, and the array only for marker loci by  S  M . If  S  T  
denotes the inheritance vector for the hypothesized trait locus,  S  = 
( S  M ,  S  T ). Correspondingly, let  Y  M  be the marker data for the set of 

  Table 2.  The ten chromosome 1 markers 
used in the multipoint linkage analyses of 
AD 

Index Marker Map
position
cM 

Number
of
alleles

1 D1S306 0.00 12
2 D1S249 5.78 15
3 D1S245 14.22 10
4 D1S237 20.69 13
5 D1S229 27.49 8
6* D1S479 34.22 11
7 D1S446 49.52 13
8 D1S235 53.66 9
9 D1S180 75.84 11

10 D1S102 90.62 6

Positions are given as distances in Hal-
dane centiMorgans relative to the fi rst 
marker used.

* Denotes the marker most closely 
linked to the PS2 locus.

  
  

  Table 3.  The marker subsets used in the multipoint linkage analy-
ses of AD 

Label Description Number
of markers

Marker set

MS-A all markers 10 see table 2
MS-T tightly linked markers 3 D1S229 D1S479 D1S446
MS-L loosely linked markers 3 D1S306 D1S479 D1S102
MP-T1 tight linkage: pair 1 2 D1S229 D1S479
MP-T2 tight linkage: pair 2 2 D1S479 D1S446
MP-L1 loose linkage: pair 1 2 D1S306 D1S479
MP-L2 loose linkage: pair 2 2 D1S479 D1S102
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linked markers, and  Y  T  be the trait data. The likelihood,  L ( � ) for 
the trait location  �  is the probability of observing data  Y  = ( Y  T  , Y  M ), 
and the lod score at location  �  =  x  is 

  
                                                                                                  (1) � � � �
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 The objective of a pseudo-Bayesian approach is to improve 
MCMC performance by sampling not only the latent variables  S  
but also the parameter  � . A prior distribution is placed on the  K  + 
1 discrete values of  � . Then, for a fi xed value of  � , MCMC is used 
to sample n dependent realizations ( S  (  m  ) ,  �  (  m  ) ),  m  = 1, ...,  n , from 
the joint posterior distribution  �  � ( S ,  �  �  Y ). Given an estimate of the 
marginal posterior distribution  �  � ( �  �  Y ), the likelihood may be re-
covered by dividing by the prior distribution on  � : 
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 where  � ( � ) is the prior distribution on  � . Any choice of strictly 
positive  � ( � ) is valid: the same lod score estimate (1) is ultimately 
obtained. Thus the pseudoprior is simply an MCMC tool, chosen 
to enhance MCMC performance. 

 Rather than using the naive estimator of the posterior distribu-
tion  �  � ( �  �  Y ), we use a Rao-Blackwellized form. George and Thomp-
son  [21]  have shown that a Rao-Blackwellized estimator of  L ( x ) = 
 P  � ( Y  �  �  =  x ) is given by 
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 Although this expression appears complex, it is simply a normal-
ized probability of trait data, given the trait locus location and the 
complete inheritance pattern at all marker loci. It may be evalu-
ated by a single-locus pedigree peeling  [5]  with transmissions gen-
eralized to accommodate the known inheritance at the two adjacent 
marker locations. In  [21] , we compared performance of the naive 
and Rao-Blackwellized forms of the estimator of  L ( � ): here we use 
only L RB  of equation (2). 

 Each cycle of the MCMC sampling procedure consists of three 
steps: details are given by  [21] . Suppose ( S  (  m  ) ,  �  (  m  ) ) is the present 
state of the Markov chain. Then a move to the ( m  + 1)th state is 
accomplished via the following three steps. 

 Step 1: Sample a new set of meiosis indicators  S  using a se-
quence of block-Gibbs updates which use either the locus (L) sam-
pler of  [30]  or the meiosis (M) sampler of  [31] . 

 Step 2: Jointly sample a new position  �  and set of meiosis indi-
cators  S  T  for the trait locus using a Metropolis-Hastings (M-H) al-
gorithm. 

 Step 3: Propose a restart confi guration ( S ,  � ) using sequential 
imputation  [32]  and a M-H algorithm. 

 After these three steps have been completed, ( S  (  m  +1) ,  �  (  m  +1) ) is 
realized and the process is repeated  n  times. 

 Implementation Issues 
 Specifying the Pseudo-Prior,  � ( � ) 
 Note that if  � ( � ) were uniform over  � , the posterior distribution 

 �  � ( �  �  Y ) would be proportional to the likelihood. Hence, if we choose 
the prior on  �  to be approximately inversely proportional to the 
likelihood, then an approximately uniform posterior probability 

distribution results. Such approximately uniform posterior sam-
pling of trait positions  �  enhances the accuracy of the MCMC esti-
mate of the lod score. To accomplish this, the MCMC procedure is 
fi rst run using a discrete uniform prior distribution on  � . In this 
preliminary analysis of the data, trait positions of low likelihood 
may not even be sampled. However, a very crude estimate of the 
likelihood  L ( � ) is still obtained using an estimator analogous to 
equation (2). If  � ( � ) is then calculated to be proportional to the in-
verse of this preliminary estimate of  L ( � ), each trait position should 
be sampled with approximately equal frequency in the main analy-
sis of the data. The values of  � ( � ) were restricted to vary over no 
more than two orders of magnitude. It is important that no location 
be accorded a value of  � ( � ) that is too extreme, particularly so for 
the value  � (0) for the unlinked location. 

 Determining Run-Length  n  
 In any application of MCMC, it remains a challenge to deter-

mine whether an adequate number of realizations have been sam-
pled to ensure accurate estimates. The required lengths of an 
MCMC run depends on the number of markers and size of the 
pedigree. The preliminary run must be suffi cient to provide a good 
estimate of the pseudo-prior, so that in the main run the possible 
trait positions are sampled with approximately equal frequency. 
The initial length of the main run was double that of the prelimi-
nary run. 

 Many of the commonly used MCMC convergence diagnostics 
are restricted to continuous variables. Here, we instead determine 
the main run-length n through a variety of  ad hoc  approaches. First, 
using the same starting confi guration, we gradually increase the 
value of  n , until the lod score estimates stabilize. Second, we per-
form parallel MCMC runs using different randomly generated 
starting confi gurations, to analyze the variation of lod score esti-
mates across runs and to ensure that the variation among runs of 
the estimated lod score at each location was within acceptable 
bounds. For this paper, four parallel independent runs were per-
formed on each component pedigree. Last, we examine plots of the 
sequence of realizations of trait locations  �  (  m  )  and inheritance vec-
tors { S  ij  

(  m  ) } for each locus  j  (including the trait locus  T ). Systematic 
patterns of values in these plots may suggest poor MCMC perfor-
mance and a run-length that is too short. The actual run lengths 
used are given in the Results section. 

 Comparing MCMC Runs 
 A useful tool in assessing the output of an MCMC run is the 

expected complete-data log-likelihood (ECDLL) conditional on the 
data  Y   [18, 33] . The complete-data likelihood is the probability of 
both data and latent variables,  P  �  ,  � ( Y ,  S ). In the absence of genetic 
interference and allelic association among loci, the complete-data 
log-likelihood may be written   

 log  P  �  ,  � ( Y ,  S ) = log  P  � ( Y  M  �  S  M ) + log  P  �  ( Y  T  �  S  T )  
                         + log  P  � ( S  M ) + log  P  � ( S  T  �  S  M )                           (3)   

 where the fi rst three terms depend on those parts of  �  specifying 
marker model, trait model, and marker map respectively, and the 
fourth term depends on the trait location  � . The fi rst and third terms 
can be further partitioned by marker locus and by marker interval 
respectively  [34] . For a given realized ( S  (  m  ) ,  �  (  m  ) ), each term of equa-
tion (3) is already computed in performing the MCMC step provid-
ing this realization. Thus an MCMC estimate of the expected value 
of each term conditional on  Y  is given by averaging the values over 
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the n realizations of the MCMC run. Since, for given data  Y , 
 P  �  ,  � ( S  �  Y )  �   P  �  ,  � ( Y ,  S ), the ECDLL provides an estimate of the rela-
tive magnitude of the conditional probability of latent variables  S  
given data  Y  in the part of the space sampled by different MCMC 
runs. It tells us which runs are sampling in ‘better’ parts of the space. 
Our Results section will show an example of use of this ECDLL 
comparison among runs. 

 Software 
 Our method has been implemented in the program  lm_bayes  

within the framework of the MORGAN 2.6 package for Monte 
Carlo genetic analysis (http://www.stat.washington.edu/thompson/
Genepi/MORGAN/Morgan.shtml). Our MORGAN MCMC pro-
grams also routinely provide the ECDLL statistics described above, 
separating the terms as described in equation (3). 

 Results 

 Here we present the results for the multilocus linkage 
analysis of data on the six AD families. Results are fi rst 
presented for the analyses of data on families KS, R, WFL 
and W, which have simple pedigree structures, followed 
by results for the analysis of data on families HB and HD 
which have complex pedigree structures. 

 Exact and Monte Carlo lod scores for a 4-point linkage 
analysis of data on pedigrees KS, R, W and WFL are 
shown in  fi gure 1 . For clarity, only the results from a sin-
gle MCMC run are presented since for these pedigrees 
estimated multipoint lod scores agreed closely across four 
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  Fig. 1.  Exact and estimated lod scores at hypothesized trait locations for the analysis of data on families KS, R, 
W and WFL. Marker positions are denoted by the short vertical lines on the horizontal axis. The vertical dashed 
line denotes the known position of the disease mutation. The thin solid line is the lod score curve estimated using 
lm_bayes with loosely linked markers MS-L. The thin dashed line is the lod score curve estimated using lm_bayes 
with markers MS-T. The thick solid line is the lod score curve estimated using lm_bayes using all ten markers 
(MS-A). The closed (open) circles show the exact lod scores calculated by VITESSE using data at marker set MS-
L (MS-T), respectively. In the case of the W family, the open diamonds are the exact lod scores calculated by 
GENEHUNTER using the MS-A marker set. 
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independent MCMC runs with different starting confi gu-
rations and would be indistinguishable in the fi gure. Also, 
in all cases, exact lod scores were computed for the same 
hypothesized trait locations as Monte Carlo lod scores 
were estimated, but for clarity only a subset of the exact 
computation values are shown in the fi gures. The lod 
scores estimated via the MCMC procedure are indistin-
guishable from the exact lod scores. Further, we do not 

see a degradation in the MCMC-based estimates of lod 
scores using tightly linked markers, although longer 
MCMC runs are required for MS-T than for MS-L 
 ( table 4 ). 

 Also shown in  fi gure 1  are the estimated 11-point lod 
scores (MS-A). Comparison with exact results is only pos-
sible for pedigree W. We were also able to compute exact 
11-point lod scores on the WFL family using GENE-
HUNTER if two individuals in the fi nal generation were 
removed from the analysis. The exact and estimated 
lod scores on this reduced WFL pedigree are shown in 
  fi gure 2 . 

 In  table 4 , run times for the analysis of data on families 
KS, R, WFL and W are presented. These times are for a 
single total run-length, including any additional MCMC 
scans required to stabilize the lod-score estimate, but do 
not include times for preliminary analyses to tune the 
sampler. For the smaller families W and WFL, lm_bayes 
and VITESSE have comparable run times. However, 
there is between a 10-fold and 100-fold reduction in run 
times when lm bayes, as opposed to VITESSE, is used for 
lod score computation on the larger pedigrees KS and R. 
Note that larger pedigrees require more MCMC scans. 
With our current software, if multiple pedigrees are ana-
lyzed together in a single MCMC run, all will receive the 
same number of MCMC scans. Currently we therefore 
recommend including only pedigrees of roughly compa-
rable size within a single run. 

 Using all 10 marker loci (MS-A), 11-point lod score 
computation on the nuclear family W is faster with 
GENEHUNTER which takes 3 s compared to a run time 
of 25 s for lm_bayes. However, for the analysis of data on 
the reduced 3-generation WFL pedigree under marker set 

Pedigree MS-L MS-T MS-A

Bayes VSSE Bayes VSSE Bayes

length time time length time time length time

KS 10:20 12.8 292.9 8:20 15.0 1,156.8 50:100 90.5
R 1.5:3 2.7 62.0 3:7 4.9 41.0 35:70 56.5
W 0.2:0.4 0.1 0.1 0.2:0.5 0.1 0.1 1:2 0.4
WFL 2:4 0.8 0.6 2:5 1.0 0.3 3:5 1.9

Data are analyzed using lm bayes (Bayes) and VITESSE (VSSE) for the 3-marker sub-
sets MS-L and MS-T. Analysis of data using all 10 markers (MS-A) was only possible using 
lm bayes. Run lengths are given for both the preliminary and the main run. For example 
50:100 denotes a preliminary MCMC run of 50,000 scans to estimate the pseudo-prior, 
followed by a main run of 100,000 scans.

  

  Table 4.  Run lengths (in units of 1000 
MCMC scans) and CPU times (in 
minutes) for the analysis of data on 
families KS, R, W and WFL 
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  Fig. 2.  Exact and estimated 10-marker (MS-A) lod scores at hypoth-
esized trait locations for the analysis of data on the WFL family 
where two fi nal individuals have been removed. Marker positions 
are denoted by the short vertical lines on the horizontal axis. The 
vertical dashed line denotes the known position of the disease mu-
tation. The thick solid line is the lod score curve estimated using 
lm bayes. The circles are exact lod scores calculated by GENE-
HUNTER. 
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MS-A, lm_bayes had a run time of 49.3 min compared to 
a run time of 85 min for GENEHUNTER. 

 Analyses of data on families HB and HD are challeng-
ing due to the presence of loops. Only 3-point analysis is 
possible using exact methods. Exact and MCMC lod 
scores for 3-point linkage analyses on these two pedigrees 
are shown in  fi gure 3 . Once again, there is very little dif-
ference between the estimated and exact lod scores. How-
ever, lm_bayes is considerably faster than FASTLINK for 
most 3-point analyses ( table 5 ). 

 For the 11-point MCMC analyses on the HB and HD 
pedigrees, results are consistent with the known PS2 loca-

tion. Four replicate analyses of the HD family gave very 
similar lod score estimates ( fi g. 4 ), but, for the HB pedi-
gree, lod scores do differ across four replicate analyses. 
Two of these latter runs gave maximum lod scores of ap-
proximately 2.5, near Marker D1S235 (marker 8 at posi-
tion 54 cM: see  table 2 ) while the other two runs gave 
maximum lod scores of approximately 3.4, close to mark-
er D1S479. However, in all cases, the correct PS2 gene 
location had a lod score within one of the maximum 
 value. 

 To assess the validity of the different lod score esti-
mates, we estimate the expected complete data log likeli-
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  Fig. 3.  Exact and estimated 3-point lod scores at hypothesized trait locations for the analysis of data on the HB 
and HD families. Tick marks show the marker locations, the larger tick marks showing the markers used in these 
analyses. The vertical dashed line denotes the known position of the disease mutation. In  a  and  b : the solid line 
is the lod score curve estimated given by lm_bayes using the loosely linked marker pair MP-L1, and the dashed 
line is the lod score using MP-L2. The closed and open circles show the exact lod scores calculated using FASTLINK 
with marker pairs MP-L1 and MP-L2, respectively. In  c  and  d , the details are the same except that the tightly 
linked marker pairs MP-T1 and MP-T2 are used. 



 George/Wijsman/Thompson 
  
  

 Hum Hered 2005;59:98–108 106

hood or ECDLL (equation (3)) at each hypothesized posi-
tion of the trait locus within a MCMC run. Across all 
trait-locus positions, the ECDLL from the two MCMC 
runs giving maximum lod scores close to 3.4 are up to 2 
log 10  units larger than the ECDLL from MCMC runs giv-
ing maximum lod scores of 2.5. This suggests that the 
MCMC realizations which give maximum estimated lod 
scores close to 3.4 have been sampled from a a part of the 
space of latent inheritance patterns  S  that is two orders 
of magnitude more probable given the observed data  Y . 

 Discussion 

 We have developed an MCMC procedure for the ac-
curate estimation of multilocus likelihoods using data on 
pedigrees. Our estimation procedure enables linkage 
analyses to be conducted using data well beyond those for 
which exact computational methods are feasible. We use 
joint Gibbs-sampler updating of latent variables across 
loci and meioses, joint updating of the position and set of 
meiosis indicators for the trait locus, and M-H restarts 
and Rao-Blackwellized estimates  [21] . 

 We assessed the accuracy of our procedure through 
comparison with exact results. Unlike Bayesian imple-
mentations of MCMC, our method estimates the multi-
locus lod score curve. Thus, we were able to use well-es-
tablished exact methods to benchmark the performance 
characteristics of our approach. The results are highly 
promising, showing both that the MCMC results agree 
well with exact results, and that there are substantial gains 
in the magnitude of the lod score when multiple markers 
are used in the analysis. To our knowledge, this is the fi rst 
paper to compare multilocus lod scores estimated using 
MCMC to exact lod scores using real data on large and 
challenging pedigrees. Our analyses of the AD family data 
showed that use of MCMC can provide substantial gains 
in speed over exact analyses, without compromising ac-
curacy. However, where computationally feasible, exact 
results should be favored over Monte Carlo estimates. 

HB pedigree

–2.5
–50 0 50

Chromosomal position (cM)
100 150

–1.5

1.5

–0.5

0.5

2.5

3.5

4.5

Lo
d

 s
co

re

HD pedigree

–2.0
–50 0 50

Chromosomal position (cM)
100 150

–1.5

–1.0

–0.5

0.5

0

1.0

1.5

2.0

Lo
d

 s
co

re

  Fig. 4.  Results from four independent MCMC analyses of data on the HB and HD families. Each solid line is a 
lod score curve estimated by lm_bayes using all 10 markers (MS-A). Marker positions are denoted by the short 
vertical lines on the horizontal axis. The vertical dashed line denotes the known position of the disease muta-
tion. 

  Table 5.  Run times (in minutes) for the three-locus (2-marker) link-
age analyses of data on families HB and HD 

Marker pair HB pedigree HD pedigree

Bayes FSTLNK Bayes FSTLNK

length time time length time time

MP-L1 20:40 31.2 257.8 8:18 6.7 201.6
MP-L2 8:16 12.1 174.2 20:40 18.5 75.7
MP-T1 60:180 96.4 362.1 300:600 172.3 158.5
MP-T2 30:90 63.9 859.6 50:100 47.9 122.3

Data are analyzed using lm_bayes (Bayes) and FASTLINK (FSTLNK) and 
the loosely and tightly linked marker pairs (MP) of table 3. The notation is as 
in table 4.
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MCMC is of most practical use for data sets on which 
exact computation is impossible, or where a speedier pre-
liminary result is desired. 

 Of the Alzheimer’s disease families we analyzed, the 
HB family proved to be the most challenging. The com-
plex pedigree structure, large number of unobserved in-
dividuals in early generations, the pattern of observed 
data and tightly linked marker loci all contributed to the 
mixing problems evidenced by the varying lod score esti-
mates shown in  fi gure 4 . Diffi culties lie in moves between 
inheritance states in which the disease allele descends via 
the maternal side of the inbreeding loop and states in 
which descent is via the paternal side. New joint update 
strategies for resampling the latent variables have im-
proved mixing but large moves in the latent space are still 
diffi cult to achieve. 

 M-H restarts is potentially a mechanism to allow large 
moves to be realized from the sample space. As a pro-
posal mechanism, we used sequential imputation  [32] , 
which realizes the latent variables sequentially over loci, 
using only data for previous loci in the defi ned ordering 
to contribute to the imputation at each locus. Thus, se-
quential imputation only partially captures the informa-
tion from the data that exists jointly among loci. As a 
result, proposals generated by sequential imputation gen-

erally have very low probabilities of acceptance when 
conditioning on marker data at many tightly linked loci. 
Alternative strategies of joint updating of multiple meio-
ses  [18, 35]  or of relaxation of the proposal probability 
distributions  [36, 37]  may provide improved perfor-
mance, but it remains to be investigated whether the gains 
outweigh the added computational costs. 

 MCMC procedures for calculating multilocus likeli-
hoods and probabilities on family data continue to gain 
in speed and accuracy. By using joint updates that com-
bine exact computation with Monte Carlo sampling, the 
performance characteristics of MCMC procedures have 
greatly improved. The MCMC procedures evaluated in 
this paper permit otherwise impossible or impractical 
linkage analyses of data, although additional improve-
ments to these MCMC procedures continue to be 
 needed. 
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